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Abstract
We give a simple proof for the rotational symmetry of ancient solutions
of Ricci flow on surfaces. As a consequence we obtain a simple proof of some
results of P. Daskalopoulos, R. Hamilton and N. Sesum on the a priori estimates
for the ancient solutions of Ricci flow on surfaces. We also give a simple proof
for the solution to be a Rosenau solution under some mild conditions on the
solutions of Ricci flow on surfaces.
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Recently there is a lot of study on Ricci flow on manifolds by R. Hamilton [7–11],
S.Y. Hsu [12], [13], G. Perelman [17], [18], W.X. Shi [20], [21], L.F. Wu [22], [23], and
others because it is an important tool in the study of geometry. Interested readers
can read the book [3] by B. Chow and D. Knopf and the book [16] by J. Morgan and
G. Tang for various topics on Ricci flow. One can also read the papers [17], [18] of
G. Perelman for the most recent results on Ricci flow.
It is known [17] that the behavior of solutions of Ricci flow near a singularity can be
described by the ancient solutions of Ricci flow. Hence it is important to understand
the ancient solutions of Ricci flow. Ancient solutions of Ricci flow on spheres and
generalized Hopf fibrations was studied by I. Bakas, S.L. Kong and L. Ni [1]. Ancient
solutions of Ricci flow on noncompact surfaces was studied by S.C. Chu [4] and
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ancient solutions of Ricci flow on compact surfaces was studied by P. Daskalopoulos,
R.S. Hamilton, and N. Sesum [6].
Let g = (gij) be an ancient solution of the Ricci flow,
∂
∂t
gij = −2Rij ∀t < 0,
on a compact surface which becomes singular at time t = 0. It is observed by
P. Daskalopoulos, R.S. Hamilton, and N. Sesum in [6] that by the results of [2] and
[9] the ancient solution of the Ricci flow can be parametrized by
g(·, t) = u(·, t)ds2p
where
ds2p = dψ
2 + cos2 ψ dθ2
is the spherical metric on the round sphere S2 with coordinates (ψ, θ). Note that the
Christoffel symbols for the spherical metric are
Γ212 = Γ
2
21 = − tanψ, Γ122 =
sin 2ψ
2
, Γ222 = Γ
2
11 = Γ
1
11 = Γ
1
12 = 0
and
∆S2f = fψψ − (tanψ)fψ + (sec2 ψ)fθθ
for any function f on the sphere and u satisfies ([6]),
ut = ∆S2 log u− 2 in S2 × (−∞, 0). (1)
Let v = u−1. Then v satisfies
vt = v∆S2v − |∇S2v|2 + 2v2 in S2 × (−∞, 0). (2)
It was proved in [6] that under a conformal change of S2
lim
t→−∞
v(ψ, θ, t) = C0 cos
2 ψ ∀ − pi
2
≤ ψ ≤ pi
2
, 0 ≤ θ ≤ 2pi
for some constant C0 ≥ 0. Moreover g is the contracting sphere with
v(ψ, θ, t) =
1
2(−t) ∀t < 0,−
pi
2
≤ ψ ≤ pi
2
, 0 ≤ θ ≤ 2pi
when C0 = 0. When C0 > 0, P. Daskalopoulos, R.S. Hamilton, and N. Sesum ([6])
proved that g is the Rosenau solution [19] with
v(ψ, θ, t) = −µ coth(2µt)+µ tanh(2µt) sin2 ψ ∀t < 0,−pi
2
≤ ψ ≤ pi
2
, 0 ≤ θ ≤ 2pi (3)
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for some µ > 0. An essential step in their proof is the proof of the rotational symmetry
of the ancient solutions of Ricci flow on surfaces. However their proof of the rotational
symmetry is very hard and require the use of the difficult Lemma 2.10 of [6]. In this
paper under a mild condition on g we will give a simple proof of the rotational
symmetry which avoids Lemma 2.10 of [6].
As a consequence we also obtain simple proofs of some results of [6] on the a priori
estimates of the ancient solutions of Ricci flow on surfaces. Since the proof in [6] that
g is the Rosenau solution when C0 > 0 is hard, in this paper we will give a simple
proof of this result under some mild conditions on g.
Let R(·, t) be the scalar curvature of g(·, t). For any z ∈ S2 and δ > 0, let Bδ(z)
be the geodesic ball with center z and radius δ on S2 with respect to the round metric
ds2p. We first recall some results of [6].
Lemma 1. (Lemma 2.1 of [6]) For any t0 < 0 there exists a constant C1 > 0 such
that
sup
S2
(
|∆S2v|+ |∇S
2v|2
v
)
≤ C1 ∀t ≤ t0. (4)
Theorem 2. (cf. Proposition 3.4 and Theorem 4.1 of [6]) v(·, t) decreases and con-
verges in C1,α to some function v˜ ∈ C1,α(S2) for any 0 < α < 1 as t → −∞.
Moreover under a conformal change of S2,
v˜(ψ, θ) = C0 cos
2 ψ (5)
for some constant C0 ≥ 0 and the convergence is uniform in Ck(K) for any k ∈ Z+
and any compact set K ⊂ S2 \ {S,N} where S and N are the south pole and the
north pole of S2.
We will now assume that the coordinates on S2 are chosen such that (5) holds
for the rest of the paper. We will also assume that C0 > 0 in (5) and there exist
constants 0 < a < 3, t0 < 0, and C > 0 such that
v2θ ≤ Cv1+a cos2 ψ on S2 × (−∞, t0] (6)
for the rest of the paper. Note that the Rosenau solution (3) satisfies (6).
Theorem 3. (cf. Theorem 6.1 of [6]) For any |ψ| ≤ pi/2 and t < 0, u(ψ, θ, t) is
independent of θ ∈ [0, 2pi].
Proof: A proof of this result without the condition (6) using Lemma 2.10 of [6] is
given in [6]. However the proof in [6] is hard. Under the condition (6) we will give a
different simple proof here using the technique of [5] and [14]. Let θ0 ∈ (0, 2pi). For
any q = (θ, ψ), let W (q) = (θ + θ0, ψ) be the point on S
2 obtained by rotating q an
angle θ0 about the z-axis. For any q ∈ S2, t < 0, let u1(q, t) = u(W (q), t) and
A(q, t) =

log u(q, t)− log u1(q, t)
u(q, t)− u1(q, t) if u(q, t) 6= u1(q, t)
1
u(q, t)
if u(q, t) = u1(q, t).
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Let t2 < t1 < t0 < 0. Then
C1 ≤ A(q, t) ≤ C2 on S2 × [t2, t1]
for some constants C2 > C1 > 0. For any h ∈ C∞(S2), 0 ≤ h ≤ 1, let η be the
solution of {
ηt + A∆S2η =0 on S
2 × [t2, t1)
η(q, t1) =h(q) on S
2.
(7)
By the maximum principle, 0 ≤ η ≤ 1 on S2 × [t2, t1). Since u1 also satisfies (1), by
(7), ∫
S2
(u− u1)(q, t1)h(q) dV −
∫
S2
(u− u1)(q, t2)η(q, t2) dV
=
∫ t1
t2
∂
∂t
(∫
S2
(u− u1)η dV
)
dt
=
∫ t1
t2
∫
S2
[(u− u1)ηt + (u− u1)tη] dV dt
=
∫ t1
t2
∫
S2
[(u− u1)ηt + η∆S2(log u− log u1)] dV dt
=
∫ t1
t2
∫
S2
(u− u1)[ηt + A∆S2η] dV dt
=0.
Hence∫
S2
(u−u1)(q, t1)h(q) dV =
∫
S2
(u−u1)(q, t2)η(q, t2) dV ≤
∫
S2
(u−u1)+(q, t2) dV (8)
We now choose a sequence of smooth functions {hi}∞i=1 on S2, 0 ≤ hi ≤ 1 for all
i ∈ Z+, such that hi converges a.e. to the characteristic function of the set {q ∈ S2 :
u(q, t1) > u1(q, t1)} as i→∞. Putting h = hi in (8) and letting i→∞,∫
S2
(u− u1)+(q, t1) dV ≤
∫
S2
(u− u1)+(q, t2) dV. (9)
Interchanging the role of u and u1 and repeating the above argument,∫
S2
(u1 − u)+(q, t1) dV ≤
∫
S2
(u1 − u)+(q, t2) dV. (10)
By (9) and (10),∫
S2
|u− u1|(q, t1) dV ≤
∫
S2
|u− u1|(q, t2) dV
≤
∫ pi
2
−pi
2
∫ 2pi
0
(∫ θ+θ0
θ
|uθ|(ρ, ψ, t2) dρ
)
cosψ dθ dψ. (11)
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By (6),
v3−au2θ ≤ C cos2 ψ on S2 ∀t ≤ t0. (12)
By Theorem 2,
C0 cos
2 ψ ≤ v ≤ max
S2
v(·, t0) on S2 ∀t ≤ t0. (13)
By (12) and (13),
|uθ| ≤ C ′(cosψ)a−2 on S2 ∀t ≤ t0. (14)
By Theorem 2, u(·, t) converges uniformly to 1/(C0 cos2 ψ) in C1,α for any 0 < α < 1
on any compact set K ⊂ S2 \ {S,N} as t→ −∞. Hence uθ(·, t) converges uniformly
to 0 on any compact set K ⊂ S2 \ {S,N} as t→ −∞. Letting t2 → −∞ in (11), by
(14) and the Lebesgue dominated convergence theorem,∫
S2
|u− u1|(q, t1) dV ≤ 0 ∀t1 < 0
⇒ u(θ, ψ, t) ≡ u(θ + θ0, ψ, t) ∀θ, θ0 ∈ [0, 2pi], |ψ| ≤ pi/2, t < 0.
Thus u(θ, ψ, t) is independent of θ and the proposition follows. 
We can now write
u(ψ, t) = u(θ, ψ, t) and v(ψ, t) = v(θ, ψ, t) ∀θ ∈ [0, 2pi], |ψ| ≤ pi/2, t < 0
and let
f = ∆S2v.
Then f ∈ C∞(S2 × (−∞, 0)) and by Lemma 1 there exists a constant C1 > 0 such
that
sup
S2
|f(·, t)| ≤ C1 ∀t ≤ t0. (15)
Corollary 4. (Propositon 2.5 and Lemma 2.7 of [6]) For any t0 < 0 there exists a
constant C2 > 0 such that
|vψψ|+ |(secψ)vψ| ≤ C2 on S2 ∀t ≤ t0. (16)
Proof: A proof of this result is given in [6]. However the proof in [6] is hard. We will
use ODE technique to give a simple proof here. Let t0 < 0. Since v is independent of
θ,
vψψ − (tanψ)vψ = f ∀|ψ| < pi/2, t < 0. (17)
Since v((pi/2) + δ, t) = v((pi/2)− δ, t) and v(−(pi/2) + δ, t) = v(−(pi/2)− δ, t) for any
0 < δ < pi/2 and t < 0,
vψ(pi/2, t) = vψ(−pi/2, t) = 0 ∀t < 0. (18)
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By (15), (17), (18) and the mean value theorem,
((cosψ)vψ)ψ =cosψ(vψψ − (tanψ)vψ) = (cosψ)f
⇒ vψ = 1
cosψ
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ ∀ − pi/2 < ψ < pi/2, t < 0 (19)
=
1
cosψ
∫ ψ
pi
2
(cos ρ− cos(pi/2))f(ρ, t) dρ
⇒ |vψ| ≤ C1
cosψ
∫ ψ
pi
2
|ρ− (pi/2)| dρ
≤ C1
2 cosψ
((pi/2)− ψ)2
⇒ |(secψ)vψ| ≤C1 ((pi/2)− ψ)
2
2 cos2 ψ
≤ C ′ ∀ − pi/4 ≤ ψ < pi/2, t ≤ t0. (20)
By (15), (17) and (20),
|vψψ| ≤ | secψ||vψ|+ |f | ≤ C1 + C ′ ∀ − pi/4 ≤ ψ < pi/2, t ≤ t0. (21)
By (17) and (18),
vψ =
1
cosψ
∫ ψ
−pi
2
(cos ρ)f(ρ, t) dρ ∀ − pi/2 < ψ < pi/2, t < 0. (22)
By (22) and an argument as before,
|vψψ|+ |(secψ)vψ| ≤ C ∀ − pi/2 < ψ ≤ pi/4, t ≤ t0. (23)
By (20), (21) and (23), we get (16) and the corollary follows. 
Corollary 5. Let t0 < 0. Then there exists a constant C3 > 0 such that
|(cosψ)vψψψ(ψ, t)| ≤ C3 ∀|ψ| < pi
2
, t ≤ t0. (24)
Proof: By the proof of Corollary 4, (19) and (22) holds. Differentiating (19) with
respect to ψ,
vψψ(ψ, t) =
sinψ
cos2 ψ
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ+ f(ψ, t) ∀|ψ| < pi
2
, t < 0. (25)
Now by (2) (cf. [6]),
R =
vt
v
= ∆S2v − |∇S
2v|2
v
+ 2v ∀|ψ| < pi
2
, t < 0.
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Hence
f = ∆S2v = R +
|∇S2v|2
v
− 2v ∀|ψ| < pi
2
, t < 0. (26)
By (25) and (26),
vψψ(ψ, t) =
sinψ
cos2 ψ
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ+R(ψ, t) +
v2ψ
v
− 2v ∀|ψ| < pi
2
, t < 0. (27)
Differentiating (27) with respect to ψ,
vψψψ =
1
cosψ
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ+ 2
sin2 ψ
cos3 ψ
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ+ (tanψ)f +Rψ
+ 2
vψvψψ
v
− v
3
ψ
v2
− 2vψ ∀|ψ| < pi
2
, t < 0.
Hence
(cosψ)vψψψ =
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ+ 2
sin2 ψ
cos2 ψ
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ+ (sinψ)f
+Rψ cosψ + 2
cosψ√
v
· vψ√
v
vψψ − cosψ√
v
·
(
vψ√
v
)3
− 2 vψ√
v
· (√v cosψ) (28)
holds for any |ψ| < pi
2
and t < 0. Now by the Harnack inequality [10] and the
maximum principle, Rt ≥ 0 on S2 × (−∞, 0) and
0 < R ≤ max
S2
R(·, t0) on S2 × (−∞, t0]. (29)
By (13), (29), and Shi’s derivative estimates [11],
(C0 cos
2 ψ)R2ψ ≤ vR2ψ = |∇gR(z, t)| ≤
C√|t| on S2 × (−∞, t0]
⇒ |(cosψ)Rψ| ≤ C
′
|t0| 14
on S2 × (−∞, t0]. (30)
By (13), Lemma 1, and Corollary 4 there exists a constant C > 0 such that∣∣∣∣cosψ√v · vψ√vvψψ
∣∣∣∣+
∣∣∣∣∣cosψ√v ·
(
vψ√
v
)3∣∣∣∣∣ +
∣∣∣∣ vψ√v · (√v cosψ)
∣∣∣∣ ≤ C on S2 × (−∞, t0].
(31)
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Now by (15),∣∣∣∣∣
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ
∣∣∣∣∣ =
∣∣∣∣∣
∫ ψ
pi
2
(cos ρ− cos(pi/2))f(ρ, t) dρ
∣∣∣∣∣
≤C1
∫ pi
2
ψ
|ρ− (pi/2)| dρ
≤C1((pi/2)− ψ)2
≤C ′ cos2 ψ ∀ − pi/4 ≤ ψ < pi/2, t ≤ t0. (32)
Hence
sin2 ψ
cos2 ψ
∣∣∣∣∣
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ
∣∣∣∣∣ ≤ C ′′ ∀ − pi/4 ≤ ψ < pi/2, t ≤ t0. (33)
By (15), (28), (30), (31), (32) and (33), there exists a constant C > 0 such that
|(cosψ)vψψψ| ≤ C ∀ − pi/4 ≤ ψ < pi/2, t ≤ t0. (34)
Similarly by using (22) and repeating the above argument,
|(cosψ)vψψψ| ≤ C ∀ − pi/2 < ψ ≤ pi/4, t ≤ t0. (35)
By (34) and (35) we get (24) and the lemma follows. 
As in [6] we introduce the Mercator’s projection of the sphere S2 onto the cylinder
with coordinates (x, θ) which is given by
cosh x = secψ and sinh x = tanψ
and
dx
dψ
= secψ.
Then in the cylindrical coordinates the metric g can be written as
g(x, θ, t) = U(x, θ, t)ds2, ds2 = dx2 + dθ2
for some function U that satisfies
U(x, θ, t) = u(ψ, t) cos2 ψ.
Let w = U−1. Then
v(ψ, t) = w(x, t) cos2 ψ
where ψ and x are related by the Mercator’s projection. Let
Q(x, t) = wxx(x, t)− 4w(x, t)
and
F (x, t) = Q2x(x, t).
Let H(ψ, t) be the function F in Mercator’s coordinates on S2.
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Corollary 6. For any t0 < 0 there exists a constant C > 0 such that
H(ψ, t) ≤ C ∀|ψ| < pi
2
, t ≤ t0.
Proof: This result is proved in [6] using Proposition 2.5 and Corollary 2.12 of [6]
whose proof is hard. We will give a simple proof here. By direct computation,
Qx =[[(v sec
2 ψ)ψ cosψ]ψ cosψ]ψ cosψ − 4(v sec2 ψ)ψ cosψ
=− 2(cosψ)vψ + 3((secψ)vψ + (sinψ)vψψ) + (cosψ)vψψψ. (36)
By (36), Corollary 4, and Corollary 5 the corollary follows. 
Lemma 7. For any t2 < t0 < 0 and ε > 0, there exists ψ0 ∈ (0, pi/2) such that
H(ψ, t) ≤ ε ∀ψ0 ≤ |ψ| < pi
2
, t2 ≤ t ≤ t0. (37)
Proof: By Corollary 4,
|(cosψ)vψ| ≤ C2 cos2 ψ ∀|ψ| < pi
2
, t ≤ t0. (38)
Since vt = Rv ≥ 0 in S2 × (−∞, 0),
0 < min
S2
v(·, 2t2) ≤ v(z, t) ≤ max
S2
v(·, t0) on S2 × [2t2, t0]. (39)
By (39) the equation (2) for v is uniformly parabolic on S2×[2t2, t0]. By the parabolic
Schauder estimates [15] and the compactness of S2 × [t2, t0], there exists a constant
C > 0 such that
|vψ|+ |vψψ|+ |vψψψ|+ |vψψψψ| ≤ C ∀|ψ| < pi
2
, t2 ≤ t ≤ t0 (40)
and
|f(ρ, t)− f(ψ, t)| = |∆S2v(ρ, t)−∆S2v(ψ, t)| ≤ C|ρ− ψ|α (41)
with α = 1 for any ρ, ψ ∈ (−pi/2, pi/2) and t2 ≤ t ≤ t0. Hence
|(cosψ)vψψψ| ≤ C cosψ ∀|ψ| < pi
2
, t2 ≤ t ≤ t0. (42)
Now by Corollary 4,
|(secψ)vψ + (sinψ)vψψ| ≤|(secψ)vψ + vψψ|+ |1− sinψ||vψψ|
≤|(secψ)vψ + vψψ|+ C2|1− sinψ| on S2 ∀t ≤ t0. (43)
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By (17) and Corollary 4,
|(secψ)vψ + vψψ| =|(secψ)vψ + (tanψ)vψ + f |
≤|2(secψ)vψ + f |+ |1− sinψ||(secψ)vψ|
≤|2(secψ)vψ + f |+ C2|1− sinψ| on S2 ∀t ≤ t0. (44)
By (19),
|2(secψ)vψ(ψ, t) + f(ψ, t)| =
∣∣∣∣∣ 2cos2 ψ
∫ ψ
pi
2
(cos ρ)f(ρ, t) dρ+ f(ψ, t)
∣∣∣∣∣ . (45)
By the mean value theorem for any ρ ∈ (−pi/4, pi/2), there exists a constant φρ ∈
(ρ, pi/2) such that
cos ρ = cos ρ− cos(pi/2) = ((pi/2)− ρ) sinφρ. (46)
By (15), (45) and (46),
|2(secψ)vψ(ψ, t) + f(ψ, t)| =
∣∣∣∣∣ 2cos2 ψ
∫ ψ
pi
2
((pi/2)− ρ)f(ρ, t) sinφρ dρ+ f(ψ, t)
∣∣∣∣∣
≤I1 + I2 + I3 (47)
where
I1 =
2
cos2 ψ
∣∣∣∣∣
∫ ψ
pi
2
((pi/2)− ρ)(sin φρ − sin(pi/2))f(ρ, t) dρ
∣∣∣∣∣
≤ 2
cos2 ψ
∫ pi
2
ψ
|(pi/2)− ρ|| sinφρ − sin(pi/2)||f(ρ, t)| dρ
≤ 2
cos2 ψ
∫ pi
2
ψ
|(pi/2)− ρ||φρ − (pi/2)||f(ρ, t)| dρ
≤ 2
cos2 ψ
∫ pi
2
ψ
|(pi/2)− ρ|2|f(ρ, t)| dρ
≤2C1
(pi
2
− ψ)3
3 cos2 ψ
≤C|(pi/2)− ψ| ∀ψ ∈ (−pi/4, pi/2), t ≤ t0, (48)
I2 =
2
cos2 ψ
∫ pi
2
ψ
((pi/2)− ρ)|f(ρ, t)− f(ψ, t)| dρ ∀ψ ∈ (−pi/4, pi/2), t ≤ t0, (49)
and
I3 =
∣∣∣∣1− (pi2 − ψ)2cos2 ψ
∣∣∣∣ |f(ψ, t)| ≤ C1 ∣∣∣∣1− 1sin2 ψ′
∣∣∣∣ ≤ C cos2 ψ′ (50)
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for some ψ′ ∈ (ψ, pi/2) where ψ ∈ (pi/4, pi/2) and t ≤ t0. By (41) and (49),
I2 ≤ 2
cos2 ψ
∫ pi
2
ψ
((pi/2)− ρ)(ρ− ψ)α dρ
≤2((pi/2)− ψ)
α
cos2 ψ
∫ pi
2
ψ
((pi/2)− ρ) dρ
≤((pi/2)− ψ)
2+α
cos2 ψ
≤C((pi/2)− ψ)α ∀ψ ∈ (−pi/4, pi/2), t ≤ t0, (51)
with α = 1. By (36), (38), (42), (43), (44), (47), (48), (50) and (51), there exists a
constant ψ1 ∈ (pi/4, pi/2) such that
H(ψ, t) < ε ∀ψ1 ≤ ψ < pi/2, t2 ≤ t ≤ t0. (52)
Similarly there exists a constant ψ2 ∈ (pi/4, pi/2) such that
H(ψ, t) < ε ∀ − pi/2 < ψ ≤ −ψ2, t2 ≤ t ≤ t0. (53)
Let ψ0 = max(ψ1, ψ2). By (52) and (53), we get (37) and the lemma follows. 
Lemma 8. For any t2 < t0 < 0, there exists a constant C > 0 such that
|Hψ(ψ, t)| ≤ C ∀|ψ| < pi
2
, t2 ≤ t ≤ t0. (54)
Proof: Differentiating (36) with respect to ψ,
Qxψ =2(sinψ)vψ − 2(cosψ)vψψ + 3(secψ tanψ vψ + (secψ)vψψ + (cosψ)vψψ)
+ 2(sinψ)vψψψ + (cosψ)vψψψψ. (55)
Now
secψ tanψ vψ + (secψ)vψψ = ((secψ)vψ + vψψ) tanψ +
cosψ
1 + sinψ
vψψ. (56)
By the proof of Lemma 7 and the mean value theorem,
|(secψ)vψ + vψψ| ≤C(|1− sinψ|+ |(pi/2)− ψ|+ cos2 ψ)
≤C ′(|(pi/2)− ψ|+ cos2 ψ) (57)
holds for any pi/4 ≤ ψ < pi/2, t2 ≤ t ≤ t0. By (56), (57), Corollary 4 and the mean
value theorem, there exists a constant C > 0 such that
| secψ tanψ vψ + (secψ)vψψ| ≤ C ∀ − pi
4
≤ ψ < pi
2
, t2 ≤ t ≤ t0. (58)
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By (40), (55) and (58),
|Qxψ| ≤ C ∀ − pi
4
≤ ψ < pi
2
, t2 ≤ t ≤ t0. (59)
Similarly
|Qxψ| ≤ C ∀ − pi
2
< ψ ≤ pi
4
, t2 ≤ t ≤ t0. (60)
By (59) and (60),
|Qxψ(ψ, t)| ≤ C ∀|ψ| < pi
2
, t2 ≤ t ≤ t0. (61)
Since Hψ = 2QxQxψ, by (61) and Corollary 6 the lemma follows. 
Theorem 9. Let C0 > 0. Suupose there exist constants 0 < α < 1, t0 < 0, 0 < a < 3,
and C > 0 such that
(cosψ)1−α|vψψψ| ≤ C on S2 × (−∞, t0] (62)
and (6) and (41) hold for any ρ, ψ ∈ (−pi/2, pi/2) and t ≤ t0. Then v(ψ, t) = v(θ, ψ, t)
satisfies (3) for some constant µ > 0.
Proof: As observed in [6] it suffices to show that
H(ψ, t) ≡ 0 ∀|ψ| < pi/2, t < 0. (63)
A proof of Theorem 9 without the assumptions (6), (41), and (62) was given in section
7 of [6]. However the proof in [6] is hard and requires the use of the Harnack inequality
and Shi’s derivative estimates for Ricci flow. In this paper we find that under the
mild assumptions (6), (41), and (62) we can prove the theorem by a simple argument.
Let t0 < 0. As observed in [6] H(ψ, t) satisfies
∂H
∂t
≤ v∆S2H on (S2 \ {S,N})× (−∞, 0). (64)
Since vt = Rv > 0 in S
2 × (−∞, 0), by (64),
∂
∂t
(
H
v
)
=
Ht
v
− H
v2
vt ≤ ∆S2H on (S2 \ {S,N})× (−∞, 0). (65)
Let 0 < δ < 1. Then by (65) and Lemma 8,∫
S2\(Bδ(S)∪Bδ(N))
H
v
(ψ, t1) dV −
∫
S2\(Bδ(S)∪Bδ(N))
H
v
(ψ, t2) dV
=
∫ t1
t2
∫
S2\(Bδ(S)∪Bδ(N))
∂
∂t
(
H
v
)
dV dt
≤
∫ t1
t2
∫
S2\(Bδ(S)∪Bδ(N))
∆S2H dV dt
=
∫ t1
t2
∫
∂Bδ(S)∪∂Bδ(N)
∂H
∂n
dσ dt
→0 as δ → 0 ∀t2 < t1 < 0.
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Hence∫
S2
H
v
(ψ, t1) dV ≤
∫
S2
H
v
(ψ, t2) dV = 2pi
∫ pi
2
−pi
2
H
v
(ψ, t2) cosψ dψ ∀t2 < t1 < 0. (66)
By (36),
H ≤ 18[(cos2 ψ)v2ψ + ((secψ)vψ + (sinψ)vψψ)2 + (cos2 ψ)v2ψψψ]. (67)
By the proof of Lemma 7 and the mean value theorem,
|(secψ)vψ + vψψ| ≤C(|1− sinψ|+ |(pi/2)− ψ|α + cos2 ψ)
≤C ′(((pi/2)− ψ)α + cos2 ψ) (68)
holds for any pi/4 ≤ ψ < ψ/2, t ≤ t0. By (13), (38), (62), (67) and (68),
H ≤ C(cos4 ψ + (((pi/2)− ψ)α + cos2 ψ)2 + cos2α ψ) ∀pi/4 ≤ ψ < pi/2, t ≤ t0
⇒ H
v
(ψ, t) cosψ ≤ C cos2α−1 ψ ≤ C ′((pi/2)− ψ)2α−1 ∀pi/4 ≤ ψ < pi/2, t ≤ t0.
(69)
Similarly
H
v
(ψ, t) cosψ ≤ C|ψ + (pi/2)|2α−1 ∀ − pi/2 < ψ ≤ −pi/4, t ≤ t0. (70)
By (13), (38), (43), (62), Corollary 4 and Corollary 5,
H
v
(ψ, t) cosψ ≤ C ∀|ψ| ≤ pi/4, t ≤ t0. (71)
By (69), (70), (71) and the Lebesgue dominated convergence theorem,
lim
t2→−∞
∫ pi
2
−pi
2
H
v
(ψ, t2) cosψ dψ = 0. (72)
Hence letting t2 → −∞ in (66), by (72),∫ pi
2
−pi
2
H
v
(ψ, t1) cosψ dψ = 0 ∀t1 < 0
⇒ H ≡ 0 in S2 × (−∞, 0)
and the theorem follows. 
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